The precise investigation of the W + W − Z 0 production at the e + e − International Linear Collider(ILC) is of crucial importance in probing the couplings between massive vector gauge bosons and discovering the signature of new physics beyond the standard model(SM). We study the full one-loop EW effects on the observables, such as, the total cross section, the differential cross section of the invariant mass of W -pair, the distribution of the angle between W -pair, the production angle distributions of W -and Z 0 -boson, the distributions of the transverse momenta of final W -and Z 0 -boson, and the forward-backward charge asymmetry of W − -boson. Our numerical results show that the EW relative correction to the total cross sections(δ ew ) varies from −17.6% to −5.3% when m H = 120 GeV and √ s goes up from 300 GeV to 1 T eV .
I. Introduction
The Higgs mechanism plays an important role in the Standard Model (SM) [1, 2] . It describes that the longitudinally polarized components of the physical Z 0 -and W ± -bosons eat the hidden degrees of freedom of the Higgs field. The SU (2) × U (1) gauge invariance provides stringent constraints on the strengthes of triple and quartic gauge couplings. The accurate measurements of these couplings could provide the information about the electroweak (EW) symmetry breaking.
The multiple gauge boson productions are suitable for probing the self-coupling properties of the gauge bosons, and would give a crucial test of the non-Abelian structure of the SM.
If the measured cross section is in agreement with the SM prediction, we can put a severe constraint on new physics. On the contrary, if there really exist gauge boson anomalous couplings, it would generally lead to sizable effects on the EW observables. Therefore, probing gauge couplings and searching for possible anomalous contributions due to the effects of new physics is one of the most important tasks of the present and future high energy experiments.
Among all the gauge boson self-couplings, the triple gauge couplings(TGCs) of the neutral EW bosons Z 0 , γ and the charged bosons W ± have been well measured at the LEP2 [3] . The e + e − → W + W − process at the LEP2 was measured not only for determining the W mass, but also for probing the charged TGCs [4] . To match the experimental accuracy, the one-loop level EW corrections to e + e − → W + W − and e + e − → W + * W − * → 4f were calculated in Refs. [5, 6] . The logarithmically enhanced two-loop electroweak radiative corrections to the differential cross section for W -pair production at the ILC up to the second power of the large logarithm were also provided in Ref. [7] . The experiments at LEP2 demonstrated that the SM expectations are in good agreement with the experimental data within a few percent [4] .
If the colliding energy is larger than the threshold of Z 0 -boson pair production, the Z 0 -pair production process can be used to probe the neutral TGCs. At the Fermilab Tevatron, the CDF and D0 collaborations performed also some experiments about the diboson production in pp collisions at √ s = 1.96 T eV , and presented the limitations on anomalous TGCs in Ref. [8] .
Triple massive gauge boson production processes, such as Z 0 Z 0 Z 0 and W + W − Z 0 productions, will be investigated at the Large Hadron Collider(LHC) and future International Linear
Collider(ILC). These processes can be used to probe the quartic gauge couplings(QGCs). In
Ref. [9] , the precise predictions for the V V V productions at hadron colliders were provided.
It shows that the QCD corrections increase the Z 0 Z 0 Z 0 and the W + W − Z 0 cross sections at the LHC by about 50% and 70%, respectively. Therefore, any quantitative measurement of the concerned gauge couplings at hadron colliders will have to take QCD corrections into account.
Compared to hadron machine, e + e − linear collider has the advantage in performing experimental measurement with a particularly clean environment. Actually, our present knowledge about particle physics came from both types of colliders. For example, the Z 0 and W ± massive gauge bosons were firstly discovered at a hadron collider, but their detailed properties and roles in the SM theory were from the LEP experiments. Therefore, lepton and hadron colliders are always complementary machines.
The future ILC is an efficient machine for precise experiments with e + e − colliding energy range of 200 GeV < √ s < 500 GeV in the near future. It would be upgraded to √ s ∼ 1 T eV [10] . This machine has sufficient energy to produce multiple massive vector bosons, and would be ideally suited to precision studies of the self-couplings of the vector gauge was studied in Ref. [12] . In order to match the experimental accuracy, it is necessary to take into account the EW radiative corrections in the theoretical predictions. 
II. Calculations
We adopt the 't Hooft-Feynman gauge in the LO and next-to-leading order(NLO) calculations, except when we verify the gauge invariance at the LO. The FeynArts3.3 package [13] is employed to generate the Feynman diagrams and their corresponding amplitudes. The reductions of the amplitude are mainly implemented by using FormCalc5.3 programs [14] .
Since the contribution from the Feynman diagrams involving 
The differential cross section for the process e + e − → W + W − Z 0 at the LO is then obtained
where M tree is the amplitude of all the tree-level diagrams, and the factor 1 4 is from taking average over the spins of the initial particles. The three-particle phase space element dΦ 3 is defined as
In the EW NLO calculation we take the definitions of one-loop integral functions as presented in Ref. [15] . The complete EW one-loop Feynman diagrams include 3510 graphs, and we organize them into self-energy(1280), triangle(1357), box(605), pentagon(140) and Kobayashi-Maskawa(CKM) matrix is assumed to be identity matrix in our calculation. We adopt the definitions for the relevant renormalization constants as presented in Ref. [15] . Using the on-mass-shell conditions [17] , the relevant renormalized constants can be expressed as [15] 
For the derived charge renormalization constant and the counterterm of the parameter s W , we have [15] 
The reductions of the vector and tensor integrals are done exactly by using the approach presented in Refs. [18, 19] . The numerical calculations of the scalar one-, two-, three-, fourand five-point integral functions are processed according to the expressions presented in
Refs. [19, 20, 21] . The calculations are carried out by using LoopTools-2.4 package[14] [22] and our independently developed programs for the calculations of scalar, vector and tensor five-point integrals with the approach presented in Ref. [19] separately, in order to cross check for possible numerical instabilities. The virtual contribution of O(α
process can be expressed as [23] , where only the term ∆σ sof t includes soft IR singularity. Theoretically, both ∆σ sof t and ∆σ hard should depend on the arbitrary soft cutoff δ s , but the total EW one-loop correction(∆σ tot ) and ∆σ real should be cutoff δ s independent.
In dealing with the soft IR divergencies, we introduce a fictitious small photon mass(m γ )
for the internal photon lines of loop diagrams, and reproduce the soft IR divergent integrals upon the replacements of σ tot = σ tree + ∆σ tot = σ tree + ∆σ vir + ∆σ real = σ tree (1 + δ ew ) , (2.9) 
III. Numerical results and discussion
In the following we perform the numerical evaluations at the LO and EW NLO in the α ewscheme and the relevant input parameters are taken as [23] : Table 1 . It shows they are in good agreement.
As we mentioned in above section if our NLO calculation is correct and the IR divergency is really cancelled, the total cross section should be independent of m γ and δ s . In fact, our calculation shows when the fictitious photon mass m γ varies from 10 −15 GeV to 10 −1 GeV in conditions of δ s = 10 −3 , m H = 120 GeV and √ s = 500 GeV , the numerical results for the Figs.3(a,b) , where we take m γ = 10 −5 GeV , m H = 120 GeV and √ s = 500 GeV . The amplified curve for ∆σ tot in Fig.3(a) is depicted in Fig.3(b) including calculation errors. Figs.3(a,b) show that although both ∆σ vir + ∆σ soft and ∆σ hard are strongly related to soft cutoff δ s , the total EW NLO contribution ∆σ tot = ∆σ vir + ∆σ real is independent of the cutoff δ s within the range of calculation errors as expected. In further calculations, we fix m γ = 10 −5 GeV and δ s = 10 −3 .
In Fig.4(a) we depict the curves for the LO and EW NLO corrected cross sections as the functions of colliding energy √ s with m H = 120 GeV . Fig.4(b) shows the corresponding relative corrections(δ ew ≡ ∆σtot σtree ) for the data drawn in Fig.4(a) . We find from Figs.4(a,b) that the LO and EW NLO corrected cross sections are sensitive to the colliding energy √ s in the range of √ s < 800 GeV , and the LO cross sections are suppressed by the EW NLO corrections in the whole √ s range plotted in Fig.4(a) . Fig.4(b) shows that the absolute relative correction can be very large in the vicinity where √ s approaches to the threshold of W + W − Z 0 production. That effect comes from the Coulomb singularity in the Feynman graphs involving the instantaneous virtual photon exchange in loop which has a small spatial momentum. To show the numerical results more exactly, we list some representative numerical results of the LO, EW NLO corrected cross sections(σ tree , σ tot ), the EW NLO correction to the cross section (∆σ tot ≡ σ tot − σ tree ) and the EW relative correction(δ ew ≡ ∆σ tot /σ tree )
in Table 2 . There we take m H = 120 GeV , 150 GeV and √ s = 300 GeV , 500 GeV , 800 GeV , 1000 GeV , separately. The results in Table 2 show that both the LO and NLO corrected cross sections for the e + e − → W + W − Z 0 process are insensitive to Higgs boson mass. From Fig.4(b) and Table 2 we can see when m H = 120 GeV and √ s goes up from 300 GeV to 1 T eV , the EW relative radiative correction δ ew varies from −17.6% to −5.3%.
Because the distribution of transverse momenta of p we present the LO and EW NLO distributions of cosines of the pole angles of W − -and Z 0 - hemisphere, that feature has been already demonstrated in Fig.6(a) .
IV. Summary
The W + W − Z 0 production via electron-positron collision at the ILC is an important process not only in probing the non-Abelian structures of the SM, but also in finding new physics.
In this report we have shown that the phenomenological effects due to the one-loop EW radiative corrections, can be demonstrated in the e + e − → W + W − Z 0 process for all colliding energies ranging from 300 GeV to 1 T eV at the ILC. Our results show the EW one-loop radiative corrections significantly suppress the LO cross sections, and the relative correction to the cross section varies from −17.6% to −5.3% when m H = 120 GeV and √ s goes up from 300 GeV to 1 T eV . We can see the obvious effects of the EW NLO correction on the physical observables, such as, the distributions of the transverse momenta of final Z 0 -and W -bosons, the differential cross section of the invariant mass of W -pair, the distribution of the angle between W -pair, the production pole angle distributions of W − -and Z 0 -boson, and the forward-backward charge asymmetry of W − -boson.
